We extend earlier work on leading logarithms in the massive nonlinear O(n) sigma model to the case of SU (N ) × SU (N )/SU (N ) which coincides with mesonic chiral perturbation theory for N flavours of light quarks. We discuss the leading logarithms for the mass and decay constant to six loops and for the vacuum expectation value qq to seven loops. For dynamical quantities the expressions grow extremely large much faster such that we only quote the leading logarithms to five loops for the vector and scalar form factor and for meson-meson scattering. The last quantity we consider is the vector-vector to meson-meson amplitude where we quote results up to four loops for a subset of quantities, in particular for the pion polarizabilities. As a side result we provide an elementary proof that the factors of N appearing at each loop order are odd or even depending on the order and the remaining traces over external flavours.
Introduction
The calculation of higher loop corrections is an important problem in all areas of particle physics. The leading logarithms in a renormalizable field theory can be calculated to all orders by simply using the renormalization group. In nonrenormalizable effective field theories like Chiral Perturbation Theory (ChPT) [1] [2] [3] , the recursive argument underlying the renormalization group does not work since one has a new Lagrangian at each order. Weinberg [1] showed that using the requirement that all nonlocal divergences cancel, one could obtain the leading logarithms (LL) at two-loop order with only one-loop calculations. This method has then been applied to various processes at the two-loop level [4] . That it works to all orders was later proven using beta-functions [5] and also with a more diagrammatic method [6] .
Using this method, [7] [8] [9] [10] found recursion relations valid in the massless limit and applied them to a number of processes. Away from the massless limit the tadpoles do not vanish and this causes the number of needed one-loop diagrams at every order to increase considerably. A systematic method to automatize the calculational process was found in [6] and then applied to a number of processes in the normal [6, 11] and abnormal or anomalous intrinsic parity [12] sector of the massive O(n) nonlinear sigma model. In the present paper we extend the calculations in the even sector to the symmetry breaking pattern of SU(N) × SU(N)/SU(N). All results are for the case of equal masses.
We discuss the leading logarithm contribution to the mass, decay constant, and vacuum expectation value to sixth or seventh order. Numerical results are discussed for the two physical cases N = 2, 3. For the vector and scalar form factors we give expressions for the full results and for the radius and curvature. We present no numerical results, but some discussion of numerics for the scalar form factor for N = 2 can be found in [11] . For meson-meson scattering we present analytic results for the amplitude and the scattering lengths up to fifth order. We show numerical results only for the singlet scattering length for N = 3, which we compare with the full two-loop calculation as well. For γγ → ππ we give analytic results for the full amplitude for general N and for the polarizabilities for N = 2. For the latter we also present numerical results.
We provide some references to the N = 2 and N = 3 cases at the two-loop level where the general-N case is not known to that level. An extensive discussion of the corresponding literature can be found in the review [13] .
In Sect. 2 we present the model and the different parametrizations we use. Sect. 3 describes the changes needed compared to the O(n) work and provides the necessary definitions such that the formulas in this paper are self-contained. We do however not discuss in detail the methods used. The remaining sections present results for the mass (Sect. 4), decay constant (Sect. 5), vacuum expectation value (Sect. 6), vector form factor (Sect. 7), scalar form factor (Sect. 8), meson-meson scattering (Sect. 9) and vector-vector to mesonmeson scattering (Sect. 10). In addition we prove in Appendix A that only certain powers of N can show up at each order.
N -flavour mesonic Chiral Perturbation Theory
The Lagrangian of the massive nonlinear SU(N) × SU(N)/SU(N) sigma model or Nflavour mesonic ChPT at lowest order is given by
where U is a special unitary N × N matrix, which contains N 2 − 1 degrees of freedom. A = tr(A). The interaction with external axial-vector and vector fields enters through the covariant derivative
while the explicitly chiral symmetry breaking terms as well as the scalar and pseudoscalar external sources are contained in
The chiral SU(N) × SU(N) symmetry is broken spontaneously to SU(N) by the vacuum expectation value 0|U|0 = 1, where 1 is the N ×N unit matrix. This leads to the appearance of N 2 − 1 Goldstone bosons, which correspond to the degrees of freedom contained in the matrix field U. The term proportional to M 2 breaks the symmetry explicitly and causes the Goldstone bosons to pick up a mass which, at tree level, is equal to M. In terms of equal quark massesm we have M 2 = 2Bm. The Lagrangian (1) coincides with ChPT and therefore constitutes an effective Lagrangian for two-and three-flavour QCD for N = 2 and N = 3, respectively. Note, however, that in the case considered here, all mesons have the same mass. How this corresponds to a theory formulated in terms of quarks can be found in more detail in, e.g., [14] . Below we occasionally use a vector notation for quarks q with q T = (q 1 , . . . , q N ) where the subscript denotes the flavour.
In previous publications [6, 11, 12] , the chiral logarithms of the massive nonlinear O(n + 1)/O(n) model have been considered. The two models coincide for N = 2 and n = 3, such that the corresponding results can be used as a check.
There are many ways the special unitary matrix U can be parametrized in terms of the meson matrix φ = φ a T a , where T a are the generators of SU(N) normalized as T a T b = δ ab . Physical results are independent of this choice. As in the earlier work on the massive O(n) model, one can therefore use different parametrizations to obtain a thorough check of the calculation. The four parametrizations we have used are
The matrices must be special, i.e., det U i = 1 which for U 1 is an automatic consequence of φ = 0. For the other cases one has to solve for β i in terms of φ. Using log U i = log det U i = 0, one finds that the β i start at order φ 3 . For β 2 we can then solve the resulting equation perturbatively while β 3 and β 4 can be written explicitly in terms of φ as
Note that the n = 0 term vanishes in both sums since φ = 0. We could have added a fifth parametrization by adding a singlet component to φ in U 4 as was done for parametrization 2.
It is also possible to treat U(N) × U(N)/U(N) by simply allowing φ to have a singlet component and removing the β i . We do not discuss this case.
Leading logarithms
The method used here is entirely analogous to the work in [6, 11, 12] but with φ a traceless N × N Hermitian matrix instead of an n-dimensional vector. The calculations are done schematically as follows: first we generate all needed one-loop diagrams with a C++ program. The diagrams at each order are then evaluated using FORM [15] . The integrals are performed using a recursive method. The results are then combined to provide the needed Lagrangians at the next order. A more detailed discussion of the method and the underlying principles can be found in [6, 11] .
Flavour sums in the earlier work were rather trivial to perform. Here, keeping track of the different terms is somewhat more tricky but all the flavour sums can be performed using the methods of [14] . The underlying idea is to use
for the sums over the generators T a . In the following, we will present our results for the coefficients of the leading logarithm contribution to several physical quantities. In all cases, we have the choice of expressing these in terms of lowest order or physical parameters, which can have quite a substantial effect on the convergence of the series. Following the definitions in [11] we expand a given observable O phys as The coefficients a i of the leading logarithm L i up to i = 6 for the physical meson mass for the physical cases N = 2 and N = 3 as well as for general N. 
Mass
The mass is known fully to one [16] and two loops [14] . We have calculated the leading logarithms to six-loop order here. For this we have computed the generic two-point function of the φ fields in all four parametrizations and extracted the mass as well as the wave function renormalization, which will be needed later. The result is expressed in the form of (7) and (8) Tables 1 and 2 . The coefficients for N = 2 agree with the results from [6, 11, 12] and with the one-and two-loop results from [14, 16] .
Since the calculation is very time consuming, the sixth order has only been checked with two of the four parametrizations in (4) . Throughout the paper, results with this limitation are marked by an asterisk next to the number that labels the order.
It is rather clear from the expressions that there is a pattern in the powers of N that appear. They always jump by powers of 2. Similar steps can be seen in all results quoted in this paper. This is due to the SU(N) group structure of all flavour traces that need to be evaluated as is proven in general in Appendix A.
We can use our results to check the convergence of the two expansions. In Fig. 1 for N = 2 and Fig. 2 for N = 3, the input values chosen are F = 0.090 GeV for the expansion in terms of L and F π = 0.0922 GeV for the expansion in L phys as well as µ = 0.77 GeV. The convergence is somewhat worse for N = 3 than for N = 2.
Decay constant
The decay constant F π is defined by
for a meson corresponding to the quark flavour combination iqγ 5 T a q and the axial current qγ µ γ 5 T b q. Note that F π is equal for all mesons since we are in the equal mass limit. The decay constant is known fully to one [16] and two loops [14] . Here, we evaluate the leading logarithms to six loops.
We need to evaluate a matrix-element with one external axial current and one incoming meson. The diagrams required for the wave function renormalization were already done in the mass calculation in the previous section. We thus need to evaluate all relevant one-particle-irreducible (1PI) diagrams with an external a a µ . Up to the more complicated group theory the calculation is the same as in our earlier work.
We give the first six coefficients for both leading logarithm series with O phys = F π and O 0 = F in Tables 3 and 4. Note that once F π is known as a function of F , we can express all observables as a function of the physical M 2 π and F π . We already used this to get the coefficients c i in Tables 2 and 4 from the corresponding a i .
We have plotted in Figs. 3 and 4 the expansion in terms of the unrenormalized quantities and in terms of the physical quantities for N = 2 and N = 3 respectively. In both cases The coefficients a i of the leading logarithm L i up to i = 6 for the decay constant F π for the physical cases N = 2 and N = 3 as well as for general N. we get convergence but it is better for the expansion in physical quantities. It is also much better for N = 2 than for N = 3.
Vacuum expectation value
The expression for the leading logarithms of the vacuum expectation value (VEV) follows from the definition
where j s 0 is the QCD current associated with the scalar external source s introduced in (3) with the singlet generator normalized to 1. In terms of quarks the definition is 
Figure 4: The contribution of the leading logarithms to F π /F order by order for F = 0.090 GeV, F π = 0.0922 GeV, µ = 0.77 GeV and N = 3. The left panel shows the expansion in L keeping F fixed, the right panel the expansion in L phys keeping F π fixed.
At lowest order, V phys ≡ V 0 = −2BF 2 . The VEV is known fully to one [16] and two loops [14] . Here we evaluate the leading logarithms to seven loops.
The first seven coefficients of the expansions in (7) and (8) for O phys = V phys and O 0 = V 0 are given in Tables 5 and 6 , respectively.
We have plotted in Figures 5 and 6 the expansion in terms of the unrenormalized quantities and in terms of the physical quantities for N = 2 and N = 3, respectively. In both cases we get a good convergence but it is excellent for the expansion in physical quantities.
Vector form factor
We turn now to the vector form factor which is defined by
The vector current isqγ µ T c q. It is known fully in two-and three-flavour ChPT to one [2, 17] and two loops [18, 19] . Here we calculate the leading logarithms in the equal mass case to five loops.
The procedure to find the leading logarithms is entirely the same as in the earlier work [11, 12] with the modifications needed for the more complicated flavour structure. We express the result in terms oft = t/M 2 π and the logarithm (11) with a scale M 2 that is some combination of t and M 2 π . To fifth order we find 
Note that F V (0) = 1 as it should be. The coefficients a i of the leading logarithm L i up to i = 7 for the vacuum expectation value V phys for the physical cases N = 2 and N = 3 as well as for general N. The formula in the massless case is much simpler. The logarithm is now a bit more unique. We replace M 2 by −t and define
Taking the limit M 2 π → 0 (which implies F π → F ), we get from (16):
We close this section with giving the expansion for the radius and curvature of the vector form factor defined by
The coefficients c i for the expansion in physical quantities are given in Tables 7 and 8 two-loop calculation [18] . We do not present numerical results for the vector form factor since these are dominated by large higher-order contributions, see, e.g., [2, 18] .
All the results presented in this section agree for N = 2 up to fifth order with the findings of [12] .
Scalar form factor
The (singlet) scalar form factor is defined by
where again we have normalized the scalar current generator to one. It is known fully in two-and three-flavour ChPT to one [2, 17] and two loops [18, 20] . Here we calculate the leading logarithms in the equal mass case to five loops. As opposed to the vector case, the scalar form factor is not normalized to one, such that we also need to specify the LL expansion of F S (0). The coefficients c i for the expansion in terms of physical logarithms for O 0 = 2B and O phys = F S (0) are given in Table 9 . The momentum dependent part,F S (t) ≡ F S (t)/F S (0), can again be expressed in terms of t = t/M 2 π and the logarithm defined in (11) . To fifth order we find 
As for the vector form factor, we can also give our result for the radius and the curvature, which are defined asF
The coefficients c i for the expansion in physical quantities are given in Tables 10 and 11 .
All the results presented in this section agree for N = 2 up to fourth order with the findings of [11] .
Meson-meson scattering
The amplitude for general meson-meson scattering is defined from
with the Mandelstam variables
It has been calculated at one-loop order in [21] . The two-loop calculation has been performed together with two other symmetry breaking patterns in [22] . The structure of the SU(N) meson-meson scattering amplitude has been derived in full generality in [21, 22] . It can be expressed in terms of two invariant amplitudes B(s, t, u) and C(s, t, u) as
The T a are the generators of SU(N) normalized as T a T b = δ ab . Crossing symmetry implies B(s, t, u) = B(u, t, s) , C(s, t, u) = C(s, u, t) .
In the case of N = 2 the traces over four generators evaluate to products of Kronecker deltas such that the structure of the amplitude is reduced to the well-known expression
with
A(s, t, u) = C(s, t, u) + B(s, t, u) + B(t, u, s) − B(u, s, t) .
This is of course the structure of the ππ scattering amplitude in two-flavour ChPT. We have calculated the LL contribution to the two invariant amplitudes to fifth order. In order to make the symmetries (26) explicit, we have expressed B(s, t, u) in terms of
and C(s, t, u) in terms ofs
We also express it in terms of the more general logarithm (11). Our result for general N reads 
and The five-loop contribution is of the same calculational complexity as the mass to the sixth order and as the latter, has only been checked in two of the four parametrizations in (4). Up to fourth order and for N = 2, the amplitude agrees with A(s, t, u) from [11] . It is well known that for SU (2) 
T SS = 2B(u, s, t) + C(t, u, s) + C(u, s, t) ,
The full scattering amplitude is then built up from these as where P J are the respective projection operators. Since their explicit form is rather lengthy, we do not reproduce it here and refer the interested reader to [22] . For N = 2, the channels with J = S, SA, AS, AA do not exist and for N = 3 the channel with J = AA is not present. Each channel can be projected on partial waves by
Expanding these around threshold in powers of q 2 = s/4 − M 2 π leads to the definition of the threshold parameters:
ℓ the slope parameters. We have calculated all the s-and p-wave scattering lengths. Note that for each channel, only one of the two partial waves is non-zero. For N = 2, only three channels contribute and the scattering length are more commonly denoted by
For N = 3, T AA is the only channel that vanishes, such that there are six scattering lengths. The tree-level expressions for general N as well as for the physical cases N = 2 and N = 3 are given by [21, 22] .
The scattering lengths from channels that do not contribute for N = 2 or N = 3 have been omitted. a SA,tree 1 and a SA,tree 1 vanish at tree level, but the higher-order contributions are non-zero.
As usual, the LL expansion can be written in the form of (8), where now O 0 = a J,tree ℓ . There is, however, an exception: since the tree-level contribution to a SA 1 and a AS 1 vanishes, the series is written in these cases as
The corresponding coefficients for the two physical cases are listed in Table 12 for the s-wave and in Table 13 for the p-wave scattering lengths. Our results for the scattering lengths agree up to two-loops with [22] . Furthermore, for N = 2 the LL contributions to a I 0 and a SS 0 have been calculated up to fourth order in [11] and are in agreement with the present results.
We show the convergence of the leading logarithm part of the scattering length a I 0 for N = 3 in the left panel of Fig. 7 . On the right side, we show the one-and two-loop LL compared with the full calculation of [22] . One can see that the leading logarithms are about half of the full correction.
γγ → ππ and pion polarizabilities
The process γγ → ππ has been calculated in ChPT to one loop in [23, 24] . Already before the p 6 Lagrangian was explicitly known, γγ → π 0 π 0 has been worked out to two loops in [25] and γγ → π + π − in [26, 27] . Both calculations were redone and the O(p 6 ) counter terms added explicitly in [28, 29] . While the leading contribution to the charged process comes from tree-level diagrams, the neutral process only starts at the one-loop level. In that case, knowing at least the leading logarithms at higher orders is a particularly welcome check for the convergence of the chiral expansion. Starting at the four-loop order, there is also a doubly anomalous contribution to the amplitude. However, it only affects sub-leading logarithms and is therefore not relevant in the present context.
We have calculated the leading logarithms for the amplitude with two different vectors to two different mesons in general but the expressions are extremely lengthy. We thus restrict ourselves to the simpler case where both vectors are coupling to the currentqγ µ T c q and denote them as γ c . For the numerical results we treat only the case where the vectors correspond to photons and are on-shell.
The γ c γ c → π a π b scattering amplitude is defined from the matrix element
and
The polarization vectors for the external vector are ǫ 1 , ǫ 2 and we have added an overall coupling constant e to the vectors. We will consider the process for both vectors off-shell such that the amplitude also depends on k 
where
is equivalent to T 3µν , such that only four independent quantities remain, which are identical to those given in [25] up to normalization factors. For on-shell photons, one has in addition ǫ 1 · k 1 = ǫ 2 · k 2 = 0, which only leaves T 1µν and T 2µν . The T iµν satisfy the identities
which can be readily checked using
The flavour structure of the amplitude consists of all possible traces of T a , T b and T c . But the total amplitude is symmetric under (p 1 , a) ↔ (p 2 , b) and under (k 1 , ǫ 1 ) ↔ (k 2 , ǫ 2 ). Using charge conjugation 1 one can prove that the amplitude must be separately invariant under (a ↔ b).
In contrast to all the earlier quantities discussed in this paper, we must here consider several classes of diagrams in order to calculate the physical γγ → ππ amplitude. There are one-particle-reducible contributions here other than those taken care of by wave function renormalization. The three needed types of diagrams are depicted in Figure 8 . On the one hand, there is the direct contribution involving the γγππ leading-order vertex, on the other hand, there are two types of diagrams involving the γππ vertex twice. Loop contributions to the latter vertex have been calculated already for the vector form factor and the results from there can be reused. The corrections to the two-point function are incorporated by using the physical propagator for off-shell momenta, which is given by
where Σ(p 2 ) denotes the self-energy of the meson. The contributions from the diagrams involving a propagator can be written in a compact form because these terms depend explicitly on the vector form factor. In particular, because of the LSZ theorem, the residue of the amplitude when the intermediate propagator is on-shell must contain the vector form factor twice.
We introduce a notation for the flavour traces that is a little shorter to write:
That the traces in t 1 only appear together is due to the symmetry under a ↔ b. A large part of the amplitude is contained in the generalized Born amplitude because of the argument given above, with
The remainder of the amplitude now has no poles in the t or u channel. The pole amplitude also has the commutator structure expected from tree-level couplings to external vectors, visible in T abc . The expression for F V (t) in terms of the LLs can be found in (16) . The generalized Born amplitude can be decomposed in the functions defined in (44), but is somewhat simpler in the form given in (50).
We write the full amplitude now as
The factors of M 2 π are introduced to make the functions dimensionless. The partial amplitudes we write as functions of
Each of the amplitudes we then write as
The leading logarithms at one-loop order are already fully contained in (50). The two-loop leading logarithms are quite simple:
The third-order expressions are still reasonable in full generality: 
The fourth-order expression is very long. We therefore only quote the on-shell case with k
, where the amplitude is reduced to the contributions from A and B:
The two-loop leading logarithms The coefficients c i of the leading logarithms for the pion polarizabilities as defined in (61) for the physical case N = 2. 
Conclusions
In this work we extended the earlier work on leading logarithms in effective theories and especially massive nonlinear sigma models to the case of SU(N) × SU(N)/SU(N) with equal meson masses. We presented results for the leading logarithms for up to 7 loops for the mass, decay constant, vacuum expectation value, vector form factor, and scalar form factor, as well as for a number of quantities connected with meson-meson scattering and γγ → ππ. When applicable we have provided results for both physically relevant cases N = 2 and N = 3 and for general N. In all cases we find reasonable convergence for N = 3, while it is even better for N = 2.
All the results presented here have been checked through the use of several parameterizations. Furthermore, we have compared to existing one-and two-loop results. The higher orders could be checked for N = 2 by comparison with our previous work on the O(3) model.
We have not done a general study of how well the large N limit works. But looking at the coefficients in the various tables, one notes that the coefficients of the subleading terms are often larger than the leading coefficients even though usually not by much. Some cases with substantial corrections to the large N limit can however be found. In conclusion, the large N limit is not typically a good approximation to the full result but is significantly better than was found for the O(n) case, both due to the size of the coefficients and the fact that the suppression is now in powers of N 2 . One of the motivations behind this work was the hope that knowing many of the leading coefficients in N would allow for an educated guess at the all-order series. We did not succeed in this. Our work can serve as a starting point for future studies in this direction.
A Powers of N in the results
The formulas and tables in the main text show a clear step of 2 in the powers of the number of flavours N that show up. In this appendix we show that this must be the case to all orders. The same is true for the colour factors in QCD with N c -colours due to gluonic contributions but we are not aware of a simple published proof even though it might be well known in the QCD perturbation theory community.
If we had a theory with the symmetry breaking pattern U(N) × U(N)/U(N) we would have N 2 Goldstone bosons and the proof could be done using 't Hooft's double line notation with the only difference that the lines indicate flavour of the quarks rather than colour. The argument in [31] in the purely gluonic theory with surfaces with handles goes through in the same way and one concludes that only positive powers of N should appear and that adding a handle changes the power by two.
Since in our case we do not have N 2 particles but rather N 2 − 1, we cannot simply take over the arguments from [31] . Those still determine the highest power of N at each loop order, though.
In the main text we determined the leading logarithms from one-loop diagrams only. But the leading logarithms are in principle also determined from the diagrams with largest number of loops at any order. We use the fact that in these diagrams, all vertices come from the single trace lowest-order Lagrangian. The proof immediately generalizes if external fields are included. We give the proof for one-particle-irreducible diagrams only but the generalization should be fairly clear.
For a given one-particle-irreducible diagram, the number of loops N L , vertices N V , and propagators N P satisfy the relation
For the parametrization U 1 in (4), exactly one flavour trace appears for each vertex, such that the total number of traces in the diagram is N V . For each of the N P propagators there is a sum over a flavour index, which can be evaluated using the relations
We denote the total number of traces in a term by N tr and the power of N by N N . The sum of the two is abbreviated by N trN = N tr + N N . Each time the first one of the relations (63) is used, N trN is reduced by one. The first term of the second relation, on the other hand, adds one to N trN , while the second term again subtracts one. Positive powers of N can be generated by 1 = N. After all propagator flavour traces have been removed, a diagram with N V vertices can contain terms with N trN = N V − N P , N V − N P + 2, . . .. The minimal value is achieved if N trN has been decreased by one N P times. If the first term of the second relation in (63) has entered exactly once, one gets instead N trN = N V −(N P −1) + 1 and so on. From (62) then follows that N trN is odd (even) for even (odd) N L . The tree-level one-particle-irreducible diagrams clearly satisfy this since they contain no powers of N and one flavour trace.
For a given number of loops, the lowest number that can occur is N trN = 1 − N L using (62). The highest requires a little more work because not all contractions can increase N trN . In a one-particle-irreducible loop diagram with N V vertices, we need to use the first relation in (63), which only lowers N trN , at least N V − 1 times since at least that many operations have the T a in different traces. So the maximum is
This coincides with the maximum power derived with the double line method of [31] .
